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Theory of Time Dependent Mechanical Breakdown of 
Oriented Media* 
Univers i ty-  of -MinGesota, Minneapolis, Minnesota 
bqo 
a phenomenological theory  of  t h e  time deyendent 
na tu re  of mechanical breakdown phenomena i s  presented 
f o r  homogeneous o r i en ted  and s t r e s s e d  s o l i d s .  On the 
basis of consider ing t h e  k i n e t i c  breaking  and forming 
processes  i n  the microscopic molecular s t r u c t u r e ,  a 
gene ra l  theory i s  formulated and analyzed. The so lu -  
t i o n  t o  t h i s  formulat ion gives not  only reasonable  
r e s u l t s  comparable t o  a v a i l a b l e  experimental  f i n d i n g s  
bu t  a l s o  y i e l d s  new information which may or may not  
be able t o  be v e r i f i e d  experimentally.  I n  genera l  i t  
i s  found t h a t  for a wide  range of l a r g e  a p p l i e d  t e n s i l e  
s t r e s s e s ,  t h e  f r a c t u r e  s t r e n g t h  i s  almost l i n e a r l y  
related w i t h  logar i thm of t ime, For small s t r e s s e s ,  
however, the  time-to-break requi red  approaches t o  
i n f i n i t y .  
*Supported i n  part by National Aeronautics and Space 
Administration 
I . 2 
The macroscopic xechanical s t r e n g t h  of a s o l i d  i s  
i n t i m a t e l y  a f f ec t ed  by microscopic s t r u c t u r a l  va r i a t ions .  
T h i s  i s  p a r t i c u l a r l y  t r u e  f o r  s o l i d s  having pronounced 
time-dependent p rope r t i e s .  U l t i m a t e  s t r e n g t h  i s  one such 
proper ty  which can be considered on t h e  basis of a k i n e t i c  
concept i n  the f r a c t u r i n g  processes .  The v a r i a t i o n  of 
molecular f o r c e s  must be  considered if a rea l i s t ic  phys ica l  
t i c a l  model which can b e  used f o r  a n a l y s i s ,  i s  a matr ix  of 
o r i en ted  elements represent ing  molecular forces ,  embedded 
i n  an  a rb i t ra ry  domain. For s impl i c i ty ,  cons ider  that  the 
system i s  composed of a l a r g e  number of i d e n t i c a l  elements. 
For such a system, t h e  s t a t e  of stress i n  the v i c i n i t y  of 
a po in t  i n  the s o l i d  may be  represented  by determining t h e  
stress t e n s o r  (T 
mrr.4-k iua ~,ii€iKEi - h u b d i u v i ~ ~  nkcr -7  is tc k u ~  btaf~?ecl.  '+!ith t h i s  in mind, 
1 (i, j = 1,2,3) a t  that  po in t  
i j  
where p i s  the dens i ty  of p r o b a b i l i t y  d i s t r i b u t i o n  func t ion  
of o r i e n t a t i o n ,  1c/ is  the a x i a l  s t r e s s  a c t i n g  on each 
element, and i s  a funct ion of o r i e n t a t i o n  and t i m e .  f i s  
the f r a c t i o n  of unbroken elements and i s  a l s o  a func t ion  of 
o r i e n t a t i o n  and t i m e .  
the  i n f i n i t e s i m a l  s o l i d  angle w i t h i n  which the elements are 
considered t o  be parallel .  I n  genera l  t h e  t ime dependent 
na tu re  can be formulated u t i l i z i n g  the s t a t i s t i c a l  theory of 
the  abso lu te  r e a c t i o n  r a t e  f o r  a given o r i e n t a t i o n  of the 
and s a r e  u n i t  vec tors ,  and du, i s  
si j 
elements with r e spec t  t o  the d i r e c t i o n  of appl ied stress 1,2 
- -  df - Kr(  1 - f ) - \f  
d t  
where 







t h e  r a t e  of rup tu r ing  of unbroken elements o 
r e s p e c t i v e l y  t h e  frequencies  of motion of t h e  elements 
w i t h  r e spec t  t o  forming and breaking processes.  U i s  
a c t i v a t i o n  energy, R i s  a un ive r sa l  constant  and T i s  
abso lu te  temperature.  B and Y a r e  p o s i t i v e  q u a n t i t i e s  
which modify the energy b a r r i e r  f o r  t h e  appl ied  stress 
i n  the d i r e c t i o n  of each element. 
Per a c ~ ~ l e t e l y  crier, ted system, i f  the s t rength 
of a s o l i d  unde r  a sinple constant  tension,  say i n  33- 
d i r e c t i o n ,  i s  considered then f r o m  (1): 
and 0.b a r e  
+ ( t ) f ( t )  = a33 = CT 
where CT = constant  i s  the appl ied  simple t ens ion  and f 
i s  independent of molecular o r i e n t a t i o n ,  I n  t h i s  case 
d i f f e r e n t i a t i n g  (5 )  and combining w i t h  (2), one can 
ob ta in  the func t iona l  r e l a t i o n s h i p  between ?b and t. 
I n t e g r a t i o n  r e s u l t s  i n  the  time-to-break 
where t o  i s  a cons tan t  of i n t e g r a t i o n .  
t i o n s  of ?b(t). 
t o  t h e  abso lu te  r e a c t i o n  r a t e  theory,  I n  genera l  t h e  e f f e c t  
of s t r e s s  on e l a s t i c  deformation and viscous flow i s  capable 
of being related t o  a comprehensible a c t i v a t i o n  process  as 
a consequence of t h e  movement of t h e  whole o r  a segment of 
a molecule, from one equi l ibr ium s t a t e  to t h e  next.  If U i s  
t h e  o r i g i n a l  p o t e n t i a l  energy b a r r i e r  to be crossed between 
two equi l ibr ium states, the  frequency wi th  which such s t e p s  
occur under the in f luence  of  the thermal a g i t a t i o n  w i l l  
be p ropor t iona l  t o  e -u/RT: 
A s  shown i n  ( 2 ) ,  (3) and ( 4 ) ,  % and K are both  func- r 
The b a s i c  concept i s  descr ibable  according 
After a s t r e s s  a ( t )  i s  app l i ed  
( 5 )  
4 
to the  or ien ted  system, ind iv idua l  elements a r e  subjected to 
a s t r e s s  @(t). The energy b a r r i e r  a s soc ia t ed  w i t h  t h e  break- 
i n g  process  becomes modified to U/RT - B @ ( t )  i n  t h e  d i r e c t i o n  
of the appl ied  s t r e s s .  Whereas i n  the opposi te  sense, the 
energy bar r ie r  i s  modified t o  U/RT + ~ 7 ( / ( t , ) ~  
the  rates of modified k i n e t i c  processes  become d i f f e r e n t  
exponent ia l  func t ions  of stress. With t h i s  information, ( 7 )  
can be modified to give the fol lowing i n t e g r a l  f o r  t he  t i m e -  
to-break w i t h  to  = 0: 
A s  a r e s u l t ,  both 
where t h e  i n t e g r a l  i s  to be evaluated from 7(/ = ?,bo an i n i t i a l  
value of  ?$ to 7 ( 1 =  ?,bb f o r  which the  microscopic element ceases  
to c a r r y  any load.  The i n i t i a l  value q o  can be expressed 
through t h e  use of (5 )  i n  terms of the  appl ied  simple t ens ion  
(J when t h e  i n i t i a l  value fo of f i s  known. Evaluat ion of 
the i n t e g r a l  (8)  w i l l  g i v e  the requi red  so lu t ion .  It can 
be  seen tha t  the  i n t e g r a t i o n  of (8)  e x p l i c i t l y  i n  terms of 
the known funct ions  may n o t  be poss ib l e  and a numerical eva l -  
ua t ion  may become a necess i ty .  However (8)  can be evaluated 
e x p l i c i t l y  i f  we r e s t r i c t  to s t r e s s  ranges w i t h i n  which IT 
i s  r e l a t i v e l y  l a rge .  Since f has a bounded v a r i a t i o n  between 
0 and 1, $(t) w i l l  a l s o  be r e l a t i v e l y  l a rge .  Then (8)  may 
be approximated to give 
I n t e g r a t i n g  we g e t  
tb = Wb -leUiRTIEi ( -@qb ) - E i  ( -W0 ) ]  
where E i ( -x )  i s  exponential  i n t e g r a l  def ined by 
03 -1 -y 
- E i ( - x )  =I Y e dy 
X 
Subs t  
5 
t b = % e  -''IRT[ Ei ( -8qb ) - Ei  ( -8 a/f )] 
A v a r i a t i o n  of t V . S .  G is shown on iogariihrnic s c a l e  in 
F i g .  1 by the s o l i d  curve. The m a x i m u m  l i m i t  of the a p p l i e d  
stress i s  i n d i c a t e d  by ab. 
r eg ion  where the  curve i s  almost l i n e a r .  The lower p o r t i o n  
of the  curve shown as do t t ed  curve does not  c h a r a c t e r i z e  t h e  
t r u e  behavior,  however, because t h e  c o n t r i b u t i o n s  r e s u l t e d  
i n  from the reformation processes  are not n e g l i g i b l e .  I n  
t h i s  region,  a i s  r e l a t i v e l y  small. There ex is t s  a minimum 
value  o f o r  which tb goes to i n f i n i t y  asymptot ica l ly .  T h i s  
va lue  i s  given by the condi t ion  that  
b 
If  t h e  i n i t i a l  number of unbroken 
There i s  a cons iderable  e l e m e n t s  i s  f ,  then 5 = $1 I fo*  
b -*- b' 
m 
where qmfo = 0 . m 
which reformation processes  become dominent, t hen  the t r u e  
curve can be expressed by two i n t e g r a l s :  
I f  we l e t  or represent approximately the stress a t  
I f  0 -0 i s  s m a l l  then the  in t eg rand  i n  ( 1 4 )  can be 
approximated as 
r 
( 0  5 +-0 = ql 5 or-a) 
4-i^ 
where P n ( @ )  i s  a polynomial of nbl '  degree i n  @. 
of (15) i s  simple and accuracy can be improved by i n c r e a s i n g  
the number n. 
experimental  data has been made. 
The eva lua t ion  
Comparison of  t h i s  a n a l y t i c a l  r e s u l t  w i t h  
Good agreements have been 
6 
obtained. 
It might be of i n t e r e s t  to mention t h a t  the i n i t i a l  
h o r i z o n t a l  p o r t i o n  of the curve i n  Fig.  1 rep resen t s  t h e  
s t r e n g t h  behavior of  a medium f o r  an extremely s h o r t  du ra t ion  
of t e s t i n g  ( < one iaLcrosecond ). Under p r e s m t  a v a i l a b l e  
t e s t i n g  c a p a b i l i t i e s ,  t h e  experimental  s t r e n g t h  data l i e  
mostly i n  t h e  s t ra ight  l i n e  region except f o r  r e l a t i v e l y  
small appl ied sLmple stresses 
q u a l i t a t i v e l y  from ( 1 0 )  f o r  a moderate constant  appl ied  
tension,  the logarithm of time-to-break i s ,  f o r  c e r t a i n  
region, almost i n v e r s e l y  p ropor t iona l ly  to t h e  absolu te  
temperature a t  which the medium i s  f r ac tu red .  
c l e a r l y  shown i n  Fig. 2. 
t h e o r e t i c a l  curve, f3 has been considered as d i r e c t l y  
p ropor t iona l  to t h e  r ec ip roca l  of the  absolu te  temperature.  
T h i s  i s  j u s t i f i e d  as shown i n  ( 3 )  and (4) both  l3 and 
are l i k e l y  to be funct ions of 1/T s ince  @$'(t) o r  @(t)  
modify the energy b a r r i o r  i n  the molecular processes.  
With t h i s  information and some assumed values  f o r  cons tan ts  
involved i n  ( 1 0 )  a q u a l i t a t i v e  r ep resen ta t ion  of the t e m -  
pe ra tu re  and time-dependent behavior f o r  f r a c t u r i n g  a medium 
i s  obtained. 
Deta i led  information w i l l  be repor ted  elsewhere. 
I n  addi t ion ,  on the basis of t h i s  model, i t  i s  found 
T h i s  i s  
I n  t h e  determinat ion of t h i s  
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